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.
$\frac{(\rho(r)u’(r))’}{\rho(r)}+\lambda u(r)-B^{2}r^{2}u(r)+K(r)u(r)^{p}=0$ , $0<r<+\infty$ (1.1)
$\exists\lim_{rarrow 0}u(r)>0$ , $\exists.\lim_{\Gammaarrow+\infty}r^{N/2-\lambda/(2B)}$ exp $(Br^{2}/2)u(r)>0$ , (1.2)
, $N>2,$ $B>0,$ $\rho(r)$ $:=r^{N-1},$ $p=(N+2)/(N-2),$ $\lambda\in R$
, $K(r)=1$ , , $K(r)$ $:=\exp(-(p-1)Br^{2}/2)$ . $B=1/4$
$K(r)$ $:=\exp(-(p-1)r^{2}/8)$ ,
$v(r)$ $:=\exp(-r^{2}/8)u(r)$ , $\tilde{\rho}(r)$ $:=r^{N-1}$ exp $(r^{2}/4)$ , $\mu$ $:=\lambda+N/4$
, $(1.1)-(1.2)$ ;
$(\tilde{\rho}(r)v’(r))’+\mu\tilde{\rho}(r)v(r)+\tilde{\rho}(r)v(r)^{p}=0$ , $0<r<+\infty$ (1.3)
$\exists\lim_{rarrow 0}v(r)>0$ , $\exists\lim_{rarrow+\infty}r^{N-2\mu}\exp(r^{2}/4)v(r)>0$ (1.4)
. $(1.1)-(1.2)$ $(1.3)-(1.4)$ , (1.2)
(1.4) , , .
$\lambda\geq\lambda_{1}$ , (1.1) .
, $\lambda_{1}$ ;
$(\rho(r)u’(r))’+\lambda\rho(r)u(r)-\rho(r)B^{2}r^{2}u(r)=0$ , $0<r<+\infty$ (1.5)
$\sqrt{0}\frac{1}{\rho(r)u(r)^{2}}dr=+\infty$ , $\int^{+\infty}\frac{1}{\rho(r)u(r)^{2}}dr=+\infty$ .
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. $\lambda_{1}$ $:=BN$ ,
$e_{1}(r)$ $:=\exp(-Br^{2}/2)$ . , (1.3) ,
$\mu\geq\mu_{1}$ $:=N/2$ .
$(1.3)-(1.4)$ , $(1.1)-(1.2)$ ,
$\mu,$
$\lambda$ [10, 4, 5, 7, 8]
. $K(r)$ $:=1$ $(1.1)-(1.2)$ ,
Kavian-WeiSsler [10] , $\lambda_{*}\in(0, \lambda_{1})$ $\lambda\in(\lambda_{*}, \lambda_{1})$
$(1.1)-(1.2)$ . $(1.3)-(1.4)$
, .
$o$ (ESCObedO-Kavian [7]) $N=4,5,6,$ $\cdots$ , $N/4<\mu<\mu_{1}$ $:=N/2$
, $N=3$ , $1<\mu<\mu_{1}$ $:=3/2$
.
$o$ (AtkinSOn-Peletier [4, 5]) $2<N<4$ , $\mu\leq 1$
.
$\circ$ (Hirose [8, Theorem 1.2], [9]) $N\geq 4$ , $\mu<\frac{3N(N-2)}{8(N-1)}$
.
, , $N>4$ ,
$\frac{N}{4}<\frac{3N(N-2)}{8(N-1)}<\frac{N}{2}$ $:=\mu_{1}$




. , [7] [8] $N=5,6,7,$ $\cdots$
.
, .
Proposition 1. $K(r)$ $:=1$ . $N>2$ , (a), (b)
$(1.1)-(1.2)$ .
(a) $N\geq 4$ , $0<\lambda<\lambda_{1}$ $:=NB$ .
(b) $2<N<4$ , $\lambda_{*}:=(4-N)B<\lambda<\lambda_{1}$ $:=NB$ .
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$\mathbb{P}r\mathbb{O}p^{\mathbb{O}S^{oo}}ntn\mathbb{O}m2$ $K(r)$ $:=eXp(-(p-1)Br^{2}/2)$ . $N>2$ ,
(a), (b) (1.1) 2) .
(a) $N\geq 4$ , $\lambda*:=BN(N-4)/(2N-2)<\lambda<\lambda_{1}$ $:=NB$ .
(b) $2<N<4$ , $\lambda*:=(4-N)B<\lambda<\lambda_{1}$ $:=NB$ .
Proposition 2 $B=1/4$ , $\mu=\lambda+N/4$ .
$\mathbb{P}ropos^{9}ntio\mathfrak{M}3$ $N>2$ , (a), (b) $(1.3)-(1.4)$
.
(a) $N\geq 4$ , $\mu_{*}$ $:= \frac{3N(N-2)}{8(N-1)}<\mu<\mu 1$ $:=N/2$ .
(b) $2<N<4$ , $\mu*:=1<\mu<\mu_{1}$ $:=N/2$
$Proposition3$ , $N\geq 4$ , $(1.3)-(1.4)$
$\mu$ , Hirose [8] $\mu_{*}$ . [7] , $N=5,6,7,$ $\cdots$
$\mu_{*}$ $N/4$
, Talenti ;
$v_{\epsilon}(r)$ $:= \frac{1}{(\epsilon+r^{2})^{(N-2)/2}}$ $(\epsilon>0)$
, . $\varphi(\cdot)$
, $K(x)$ $:=\tilde{\rho}(r)=\exp(|x|^{2}/4)$ , $u_{\epsilon}$ $:=\varphi v_{\epsilon}K^{-1/2}$
, $N=5,6,7,$ $\cdots$ ,
$\int|u_{\epsilon}|^{2N/(N-2)}Kdx=\epsilon^{-N/2}(A_{0}+O(\epsilon))$ , (1.6)
$\int|\nabla u_{\epsilon}|^{2}K-\lambda|u_{\epsilon}|^{2}Kdx=\epsilon^{N/2-1}(A_{1}+\tilde{A}_{2}\epsilon+o(\epsilon))$ ,






. , [7] , $A_{1}O(\epsilon)$
. $O(\epsilon)=A_{1}O(\epsilon)$ $\epsilon$ .
(16) , $O(\epsilon^{2})$
.
Proposition 1-3 , [7]
. (1.1) , Liouville ([1, 3])
;
$v”(t)+m(t)v(t)+k(t)v(t)^{p}=0$ , $0<t<1$ (BNE)
. $(0,1)$ , $[2, 3]$
(BNE) $\circ$ . 3
, (1.1) Liouville , $K(r)$ $:=1$
$K(r)$ $:=\exp(-(p-1)Br^{2}/2)$ , $k(t)=[\eta t(1-t)]^{-(p+3)/2}$
$k(t)=[\eta t]^{-(p+3)/2}$ . , $k(t)=[\eta t(1-t)]^{-(p+3)/2}$
$k(t)=[\eta t]^{-(p+3)/2}$ , $m(\cdot)$ , (BNE)
$[2, 3]$ . (1.1)
(1.3) Liouville
(BNE) , . 3 , (1.1)
Liouville , Proposition 2





$k(t):=[\eta t(1$ $t)]^{-(p+3)/2},$ $r_{-}[h,$ $k(t):=[\eta t]^{-(p+3)/2}$ $(\eta>0)$
, $m(\cdot)$ $C(O, 1)$ ,
$m[0]$ $:= \lim_{tarrow 0}t^{2}m(t)=0$ , $m[1]$ $:= \lim_{tarrow 1}(1-t)^{2}m(t)\in[-\infty, 1/4)$
. $[2, 3]$ , ,
, , , .
(BNE) , ;
$v”(t)+m(t)v(t)=0$ , $0<t<1$ (LPE)
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. , (DC) , (BNE)
([2] ).
(DC) (LPE) , $\hat{z}(\cdot)$ .
$f_{1/2}^{1} \frac{1}{\hat{z}(t)^{2}}dt=+\infty$ , $\parallel_{0}^{1/2}\frac{1}{\hat{z}(t)^{2}}dt<+\infty$ .
(DC) , (BNE) ,
, (1.1) $\lambda\geq\lambda_{1}$ .
, (DC) .
Definfitfiom 2 1. (BNE) $v(\cdot)$ (mpidly decay) ,





$(\mathbb{P}M)$ $\delta\in(0,1)$ , $t\in(0, \delta$] , $m(t)\geq 0$ ;
, .
Theorerm 4 $k(t)=[\eta t(1-t)]^{-(p+3)/2}(\eta>0)$ . (PM) $m[0]=0$ ,
$m[1]\in[-\infty, 0]$ . , (a) (b) ,
$(BNE)$ \supset . $( a)\int_{0}^{1/2}m(t)dt=+\infty;(b)\int_{0}^{1/2}m(t)dt<+\infty$
$\hat{z}’(0)/\hat{z}(0)>-1$ .
Theorem 5 $k(t)=[\eta t]^{-(p+3)/2}(\eta>0)$ . (PM) $m[0]=0$ ,
$m[1]\in[-\infty, 1/4)$ . , (a) (b) ,
$(BNE)$ [B . $( a)\int_{0}^{1/2}m(t)dt=+\infty:(b)\int_{0}^{1/2}m(t)dt<+\infty$
$\hat{z}’(0)>0$ .





$Lexm\ovalbox{\tt\small REJECT} a\Theta\circ k(t)=[\eta t(1-t)]^{-(p+3)/2}(\eta>0)$ . $[t(1-t)]^{2}m(t)$ $(0,1)$
, $m[0]=0,$ $m[1]\in[-\infty, 0$ ) , $(BNE)$
.
Lemmma 7 $k(t)=[\eta t]^{-(p+3)/2}(\eta>0)$ . $t^{2}m(t)$ $(0,1)$
, $m[0]=0,$ $m[1]\in[-\infty, 0]$ , $(BNE)$
, [11]
Pohozaev .
Lemma @ $k(t)=[\eta t(1-t)]^{-(p+3)/2}$ $k(t)=[\eta t]^{-(p+3)/2}(\eta>0)$
. $[z(t)\hat{z}(t)]^{(p+3)/2}k(t)$ $(0,1)$ ,
$+ \infty\geq\lim_{tarrow 0}[z(t)\hat{z}(t)]^{(p+3)/2}k(t)>\lim_{tarrow 1}[z(t)\hat{z}(t)]^{(p+3)/2}k(t)$
, $(BNE)$ .
3 $L_{I}^{o}owviI\#e$
, (1.1) $(0,1)$ (BNE) Liouville
([1, 3] ) . , , Proposition 2 (a)
.
, $K(r):=1$ ,
$t$ $:= \frac{r^{N-2}}{1+r^{N-2}}$ , $\frac{v(t)}{\sqrt{t(1-t)}}\cdot=\sqrt{N-2}r^{(N-2)/2}u(r)$ , (3.1)
, (1.1)
$v”(t)+m(t)v(t)+[\eta t(1-t)]^{-(p+3)/2}v(t)^{p}=0$ , $0<t<1$ (3.2)
. , $\eta:=N-2$ ,
$[t(1-t)]^{2}m(t)$ $:= \frac{\lambda}{\eta^{2}}(\frac{t}{1-t})^{\frac{2}{(N-2)}}-\frac{B^{2}}{\eta^{2}}(\frac{t}{1-t})^{\frac{4}{(N-2)}}$ . (3.3)
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$K(r)$ $:=\exp(-(p-1)Br^{2}/2)$ ,
$t:= \exp(-(N-2)\oint_{r}^{+\infty}y^{-1}$ exp $(-By^{2}/(N-1))dy)$
$\frac{v(t)}{\sqrt{t}}$ $:= \frac{\sqrt{N-2}r^{(N-2)/2}u(r)}{exp.(Br^{2}/(2N-2))}$ (3.4)
, (1.1)
$v”(t)+m(t)v(t)+[\eta t]^{-(p+3)/2}v(t)^{p}=0$ , $0<t<1$ (3.5)
. , $\eta$ $:=N-2$ ,
$t^{2}m(t)$ $:= \frac{r^{2}\exp(2Br^{2}/(N-1))}{(N-2)^{2}}\{\lambda-\frac{BN(N-4)}{2(N-1)}\}$
$+ \frac{1}{4}\{1$ –exp $(2Br^{2}/(N-1))+ \exp(2Br^{2}/(N-1))\frac{2Br^{2}}{N-1}\}$
$- \exp(2Br^{2}/(N-1))\frac{NB^{2}r^{4}}{(N-1)^{2}(N-2)}$ . (3.6)
, , (DC) ,
$\lambda<\lambda_{1}$ , $\lambda\geq\lambda_{1}$ , (3.2) (3.5) .
, $\lambda<\lambda_{1}$ , $(1.1)-(1.2)$ ,
(3.2) (3.5) .
$\mathbb{P}ropos^{Q}utiom2$ (a) :
, $\lambda<\lambda_{1}$ . (3.6) ,




, $\lambda\leq BN(N-4)/(2N-2)$ , $t\in(0,1)$ ,
$\frac{d}{dt}[t^{2}m(t)]=\frac{d}{dr}[t^{2}m(t)]\frac{dr}{dt}<0$
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. (34) , $t$ $r$ , $m[0]=0$ ,
$m[1]=-N(N-2)/4<\mathbb{O}$ , , $\lambda\geq BN(N-4)/(2N-2)$ ,
$\parallel_{0}^{1/2}m(t)dt<+\infty\Leftrightarrow 2<N<4$
. , Theorem 5 (a) Lemma 7 Proposition
2 (a) .
References
[1] H. Asakawa, On Liouville Transform for ODEs corresponding to semilinear elliptic
equations, Surikaisekikenkyusho kokyuroku 1474 (2006) 169-177.
[2] H. Asakawa, Phenomenon of critical dimension to Brezis-Nirenberg type super linear
2nd order ODEs, preprint.
[3] H. Asakawa, Liouville type transformation and existenoe of positive rapidly decaying
solutim of semilinear elliptic equations, preparation.
[4] F. V. Atkinson, L A Peletier; On the radial solutions of the equation $\Delta u+$
$(1/2)x.\nabla u+(1/2)\lambda u+|u|^{p-1}u=0$ , C. $R$ . Acad. Sci., Paris, S\’er. I 302 (1986),
99-101.
[5] F. V. Atkinson, L A Peletier; Radial similarity of a parabolic equation, “Nonlinear
parabolic equations: qualitative properties of solutions (Rome, 1985),” Pitman Res.
Notes Math. Ser., 149, Longman Sci. Tech., Harlow, 1987, 5-12
[6] H. Brezis and L. Nirenberg; Positive solutions of nonlinear elliptic equations involving
critical Sobolev exponents, Comm. Pure Appl. Math. 36 (1983), 437-477.
[7] M. Escobedo and $0$ . Kavian, Variational problems related to self-similar solutions of
the heat equation, Nonlinear Anal. TMA 11 (1987), 1103-1133.
[8] M. Hirose; Structure of positive radial solutions to the Haraux-Weissler equation II,
Advances in Mathematical Sciences and Applications 9(1999), 473-497.
[9] M. Hirose; “ On radial solutions of semilinear elliptic equations with a gradient term”,
Docter Thesis, Waseda University, 1998.
[10] O. Kavian, F. B. Weissler; Self-similar solutions of the pseudo-conformally invariant
nonlinear Schr\"odinger equation, Michigan Math. J. 41 (1994), 151-173.
[11] E. Yanagida and S. Yotsutani, A unified approach to the structure of radial solutions
for semilinear elliptic problems. Recent topics in mathematics moving toward science
and engineering. Japan J. Indust. Appl. Math. Vol. 18 (2001), 503-519.
17
